INTRODUCTION
The transmission and reflection coefficients of a plane dielectric multilayer are pertinent in the design of radomes and in other applications. One type of corner reflector has one of its three conducting surfaces coated with several dielectric layers which arc designed to produce a right-circularly polarized reflection when the incident wave is right-circularly polarized. Multilayer dielectric spheres and cylinders form an important class of antenna scanning and echo enhancement devices.
A matrix-multiplication solution for the plane multilayer is described by Collin[l] . This matrix solution represents a distinct advance over the older methods. A recursive formulation developed here is even more straightforward in its theory and more efficient for numerical calculations. The technique is applicable also to radially layered cylinders and spheres, waveguides containing two or more media, and surface waves on plane multilayers.
This report presents the derivation of the recursion formulas for plane and cylindrical multilayers. The two principal polarizations are considered, and digital-computer programs are included. This solution can be applied directly to the analyses of inhomogeneous slabs and cylinders by using piecewise uniform approximations for the permeability and permittivity functions.
II. THE THEORY OF THE PLANE MULTILAYER
Suppose a harmonic plane wave in free space has oblique incidence on a plane multilayer consisting of N homogeneous isotropic slabs, as indicated in Fig. 1 . Let cL^, \i n and e n represent the thickness, permeability, and permittivity of slab n. The slabs are considered to have infinite width and height and parallel surfaces, with unbounded free «pace on both sides of the multilayer. The incident plane wave impinging on the left-hand surface of the multilayer is given, in the TE case (i. e. perpendicular polarization) by (1) E_\ = E" e jk 0 y sin9 jk Q z cos6
where 8 is the angle of incidence, k 0 = 2ir/X, and X is the free-space wavelength. The reflected plane wave is given by
where R is the reflection coefficient of the multilayer. The transmitted plane wave on the right-hand side of the multilayer is represented by
where T is the transmission coefficient of the multilayer. The field in each layer can be regarded as an infinite series of plane waves bouncing back and forth, but it is more convenient (and equally valid) to consider it to be the sum of only two plane waves, one traveling outward and one reflected. v | (8) B n+ i = R n A n + S n B n , where (9) P n = 0.5(1 ^n + iY n /fI n Y n+ i) e ( >n-Y n+1 )z nf (10) Qn = 0.5 (1 -K n+ lV n^n Y n+1 ) e^n* Yn+1>*" , and then using the recursion equations Eqs. (7) and (8) in the TE case the constants A n and B n represent the electric field intensities of the outgoing and reflected waves in each layer. In the TM case (parallel polarization) the solution proceeds in the same manner. In fact, the equations given above apply in both cases but the A n and B" represent the magnetic field intensities in the TM case and pt n +l and n n must be replaced with e n +i and « n in Eqs. (9) through (12).
If a perfectly conducting sheet is placed on the right-hand surface of the multilayer (i.e., on the xy plane), the solution is again given by the equations above with the exception that we do not calculate the transmission coefficient T in this case, and Eqs. (14) and (15) Equations (19) and (20) are obtained by forcing the tangential electric field intensity to vanish at the perfectly conducting plane.
The insertion phase delay, denoted by the symbol IPD, is equal to the phase angle of the complex transmission coefficient T but is of opposite sign:
In the previous equations, the reflection coefficient R is defined as the ratio of the reflected wave amplitude to the incident wave amplitude at the coordinate origin; that is, A digital-computer program based on these equations is given in Appendix I, and some numerical results are included in Section IV.
III. THE THEORY OF THE CYLINDRICAL MULTILAYER
Consider a plane harmonic wave in free space to have normal incidence on a dielectric cylinder of infinite length, as suggested in Fig.  2 . The cylinder axis is taken to be the z axis in a rectangular coc Mr"3te system, and the x axis is the axis of propagation of the incident plane wave. Let the cylinder consist of M lossless homogeneous layers, each 
PROPAGATION AXIS
If the coefficients in the first layer (Ai n and Bi n ) were known, the coefficients in the remaining layers could be calculated by using Eqs. (28) and (29) recursively. To permit a procedure of this type, let us define a set of normalized coefficients A mn and B mn related to A mn and B mn by the proportionality constant K n as follows: 
I
The normalized coefficients also obey the same recursion formulas and I we can now calculate A£ n . Bi n , ... Aj^n » BU, A^J+J^, and B^+l.n in that order.
The field in the exterior free-space region is given by
where H n^' (k 0 p) represents the Hankel function and k Q is the phase constant of free space. The first series in Eq. (38) represents the incident plane-wave field, and the second series is the scattered field which contains outward-traveling waves only. The function e n is unity if n = 0, and e n = 2 if n is greater than zero.
The field in the exterior free-space region is also given by Eq. The constant of proportionality, K n , is found from Eqs. (34), (35), and (39) to be
The scattering coefficients for the external region are given by
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This completes the solution. Equation (26) can be employed to calculate the field at any point in the dielectric cylinder, and Eqs. (38) and (41) are used to calculate the field at any point outside the cylinder.
If the dielectric media are lossless, it may be noted that the constants A^n, B^n. U mn . V mn , W mn , and X mn are real. The external scattering coefficients, C n , are complex.
In the case of a perfectly conducting circular cylinder with one or more dielectric layers» let "a" be the radius of the conducting cylinder and R% the outer radius of the first dielectric layer. The above equations again give the solution if Eq. (37) Equations (42) and (43) When a plane wave is incident on a cylindrical structure of infinite length, the distant scattering pattern is conveniently described by the echo width which is defined as follows:
In Eq. (38) the incident electric field intensity E 1 is taken to have unit magnitude. From Eqs. (46) and (47) the bistatic echo width of the multilayer dielectric cylinder is given by where X is the wavelength in free space.
A digital-computer program based on these equations is included in Appendix II.
IV.
NUMERICAL RESULTS Figure 3 shows the transmission coefficient and insertion phase delay versus frequency for a plane multilayer, calculated with the aid of the equations in Section II. Numerical calculations obtained with these equations have been found to agree with those published by other investigators. Figure 4 ^hows the distant scattering pattern of a cylindrical multilayer, calculated with the equations given in Section III. These equations are also found to yield results which agree with previously published data.
V. CONCLUSIONS
An efficient recursive solution is developed for the transmission and reflection coefficients of a plane multilayer and for the scattering pattern of a cylindrical multilayer. The two principal polarizations are considered, and digital-computer programs are included. The technique is also applicable to the multilayered sphere.
i
The appropriate equations are also given for the reflection co-I efficients of a perfectly conducting plane which is coated with a stack * of homogeneous dielectric sheets« and for the scattering pattern of a perfectly conducting circular cylinder coated with several homogeneous dielectric layers. The field intensities, A n and B n , of the outgoing and reflected waves in layer n are denoted by AE and BE for the TE case without a conducting plane, AM and BM for the TM case without a conducting plane, AEC and BEC for the TE case with conducting plane, and AMC and BMC for the TM case with conducting plane.
Between statements S30 and S50, the recursive calculations are carried out in accordance with Eqs. (7) A typical set of input data in the proper format is shown at the end of the computer program.
This program will handle a maximum of 100 layers, but this number can be increased to a much larger number simply by modifying the dimension statement near the beginning of the program. Many of the statements can be deleted when the multilayer with a conducting plane is the only case of interest, or when this case is of no interest. Furthermore, the program can be simplified if all of the layers have the same permeability as free space. A simple modification in the program can provide for increments to be taken in the frequency or the angle of incidence. This computer program is applicable only to lossless dielectric cylinders in which the center region is dielectric. With a slight modification it will give the solution appropriate for a perfectly-conducting center region.
In the form shown, the program v ill handle a maximum of 100 layers, but this can be extended greatly by changing the dimension statement.
In this program the highest order of the Bessel and Neumann functions required is determined from the approximate equation L = 4 + kjyfRj^» where N denotes the number of layers. In its present form, the program sets an upper limit of 100 for the maximum order of the Bessel and Neumann functions.
The wave amplitudes in the various layers are denoted by A(I) and B(I) for the TM case and AP(I) and BP(I) for the TE case, where I represents the mode number n. Between statements S25 and S26, the program sets Ai n = 1 and Bl n -0 in accordance with Eqs. (36) and (37). Next, the arguments k m R m and k m+ iR m for the Bessel functions are calculated and are denoted by W. Between statements S26 and S50, the Bessel and Neumann functions are obtained by calling a subroutine. The following notation is used:
FNA(I) = N i (k m R m ), and
In its present form, the subroutine for the Bessel and Neumann functions is limited to arguments smaller than 1000.
Between statements S50 and S80, the derivatives of the Bessel and Neumann functions are calculated. These are denoted by 
